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Abstract. We study the ground state of the model Hamiltonian of the trime§zedl /2 quantum
Heisenberg chain GClg(H20)2-2HgC4SO; in which a non-magnetic ground state was observed
recently. This model consists of stacked trimers and has three kinds of coupling constant describing
the couplings between spins: the intra-trimer coupling constamaind the inter-trimer coupling
constants/, and J3. All of these constants are assumed to be antiferromagnetic. By use of an
analytical method and physical considerations, we show that there are three phasegedzhe
plane(fz = Jo/J1, Js = J3/J1): the dimer phase, the spin-fluid phase and the ferrimagnetic phase.
The dimer phase is caused by the frustration effect. In the dimer phase, there exists an excitation
gap between the twofold-degenerate ground state and the first excited state, which explains the non-
magnetic ground state observed ingCls(H20)2-2HsC4SO,. We also obtain the phase diagram

on theJ,—J3 plane from the numerical diagonalization data for finite systems by use of the Lanczos
algorithm.

1. Introduction

In recent years low-dimensional quantum spin systems have attracted a great deal of attention.
Very recently, Ishiiet al [1] have experimentally studied a trimerized quantum spin chain
CwClg(H20),-2HC4SO,. They have measured the temperature dependence of the spin
susceptibility, and the magnetization curve at low temperatures. Their results show that the
magnetic susceptibility behaves ag — 0 atT — 0 and there exists a critical magnetic
field where the magnetization rises up from zero. Thus they have concluded that the ground
state of this substance is non-magnetic. From the result of a structure-analysis experiment [2],
the chain is known to be composed of stacKed 1/2 C** trimers and separated from other
chains by large moleculesgB4S0O,. Therefore this substance is thought to be well modelled
by independent chains of stacked trimers and lsh#l have proposed the model shown in
figure 1 [1].

In this paper we call this model the ‘distorted diamond (DD) chain model’. The
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10486 K Okamoto et al

Figure 1. A sketch of the model of GiClg(H20)2-2HgC4SO,. Solid lines denote the intra-trimer
couplingJ1, wavy lines the inter-trimer couplingy and dotted lines the inter-trimer couplidg.

Hamiltonian of this model is written as
H=17 Z(SSj—l - 83; + 83; - S3j+1) + /2 Z S3j+1 - S3j+2
j J

+J3 Z(S3j—2 - 83 + 83; - 83j+2) 1)
J

where three spinsS3;_;, S3; and Ss;+1 form a trimer. All the coupling constants are
supposed to be positive (antiferromagnetic). Although it is thought fhat- J», J3 in
CuwsClg(H20),-2HgC4 SO, because of its structure, we do not restrict ourselves to this case.
Hereafter we takd; as the energy unit and sét = J2/Jh andJ; = J3/J1. We note that the
point (J», J3) is equivalent to the point/»/Js, 1/J3) on interchanging the roles df and Js.

If we transform the Hamiltonian (1) into the fermion representation through the Jordan—
Wigner transformation, we can see that the fermionic band gap exi&s-atV/s/3 but not at
M = 0, whereM; is the saturation magnetization [3,4]. Thus the trimerization itself cannot be
the direct reason for the non-magnetic ground state. This can also be explained by considering
the necessary condition for the appearance of magnetization plateau proposed by Oshikawa,
Yamanaka and Affleck [5],

n(S — (m)) = integer (2

wheren is the periodicity of the ground-state wave functirthe magnitude of the spins and

(m) the average magnetization per spin in the plateau. The periodicity of the Hamiltonian (1)
itself is 3. We see that = 3 does not satisfy condition (2) with= 1/2 and(m) = 0. Then,

if the present model is applicable to £Lls(H,0),-2HgC4SO;, its ground-state wave function
should have periodicity with at least= 6 due to the spontaneous symmetry breaking. In this
paper, we explain why the non-magnetic ground state is realized and derive the ground-state
phase diagram on the—J; plane.

TheJ; = J3 case of the present model was named the ‘diamond chain’ and investigated by
Takano, Kubo and Sakamoto (TKS) [6]. They concluded that the ground state of the diamond
chain is composed of three phases: the ferrimagnetic piMise (/s/3) for J, < 0.909, the
tetramer—dimer phase fordD9 < J> < 2 and the dimer—monomer phase for> 2. The
relation between the present model and TKS’s model will be discussed later.

This paper is organized as follows. In section 2, we explain the mechanism for the non-
magnetic ground state by use of an analytical method and physical consideration. In section 3,
we obtain the phase diagram from the numerical data for the diagonalization of the Hamil-
tonian (1) for finite systems by use of the Lanczos algorithm. The last section is devoted to
discussion.
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2. Analytical and physical approach

We consider three special cases at first. Whes 1 andJ; = 0, the present model is reduced

to the simpleS = 1/2 chain with nearest-neighbour interactions, the ground state of which
is the spin-fluid (SF) state, as is well known. In the casé:of 0, the ground state may be
ferrimagnetic ¢/ = Ms/3), because the state wiy; = | andS3;+; = 1 is the classical
ground state. At the point, = J; = 0, the chain is truncated into an array of independent
trimers.

Next, let us consider thé, = 1 case. If we re-draw the model in the single-chain form
as in figure 2, we see this is closely related to the next-nearest-neighbour (NNN) interaction
model in figure 3. In fact, the model of figure 2 is obtained from that of figure 3 by removing
one NNN interaction of every three NNN interactions. The important point is that every spin
feels the frustration.

Figure 3. The next-nearest-neighbour (NNN) interaction model.

The NNN interaction model is one of the most important models having frustration and
is extensively studied [7-15]. Whefyy = Junn/J1 = 0.5, the ground state of the NNN
interaction model is an array of independent singlet dimers, where the translational symmetry
under translation by one spin spacing is spontaneously broken [7,8]. Then there should exist
a critical point of the ground-state phase transition between the spin-fluid (SF) state and the
dimer state. Okamoto and Nomura [12] numerically determined this SF—dimer critical point,
7(cr)
Jann = 0.2411.

Since the model of figure 2 is very similar to that of figure 3, as stated, the SF—dimer
transition may occur also in the model of figure 2 whieiis increased. This can be confirmed
by the bosonization technique in the following way. The effective Hamilton of the model of
figure 3 in the continuum limit is written as [9, 11,12, 14, 15]

1 2, Vs (09 2 Yo Us
H= —fdx vsK (77 TT) +—(—> + /dx cosv/2¢ (3)
27 K

0x 2

whereus is the spin-wave velocity an®l the quantum parameter which governs the algebraic
decay of the spin-correlation functions:

(S58%) ~r K (SgS87) ~r MK @)
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in the SF state. Due to the isotropic nature of our model, the renormalized vakistofuld
be K = 1. The variableg (x) andIl1(x) are mutually conjugate:

[¢(x), T(xN] = i8(x —x). )
The coefficient of the cosine term, in equation (3), is
y¢ X A — 3jNNN (6)

where A is the X X Z anisotropy defined by?/J+ which is equal to unity in our isotropic
model. For the model of figure 2, we can obtain the effective Hamiltonian of the same form
as (3), but with

Yo X A — 2J3. 7)

We note that the expressions (6) and (7) are valid only in the lowest ord&r dfny and

Js. Since we take the continuum limit in the course of deriving the effective Hamiltonian,
the difference between the two models appears as the difference in the expressjoivef

note that the spin-wave velocitiesare slightly different in the two models, but this does not
bring about any major effect. Thus we can conclude that the model of figure 2 also shows the
SF—dimer phase transition. Sincé@ in equation (6) is replaced by/zin equation (7), the
critical valueJ5* is naively obtained by letting &S\ = 2J5™, which leads to/s*” ~ 0.36

on using/\\\, = 0.2411. In fact, as shown in section 4, the numerical resulf¥s ~ 0.354.

The dimer ground-state wave function in the model of figure 2 is twofold degenerate with
periodicityn = 6 and is shown in figure 4.

Figure 4. Dimer configurations in the ground state of the DD chain model wiith= 1 in the
single-chain form. Two spins in an ellipse form a singlet dimer pair.

When J» # 1, we have to include the trimerization effects in the effective Hamiltonian.
However, in theM = 0 subspace, the trimerization does not lead to a mass-generating term
such as the cosine term in equation (3), although it slightly modifies the spin-wave velocity
vs. Then, as long as the trimerization is not so large (not so far fronitke 1 line), the DD
chain model also exhibits the SF-dimer phase transition. The dimer configuration of the DD
chain model is easily found by tracing back the model mapping, which is shown in figure 5.
This ground-state wave function is also twofold degenerate with periodicity6.

Here we summarize the critical properties of the SF—dimer transition using the effective
Hamiltonian (3) having the sine—Gordon form. The renormalization group calculation leads

to
dyo(L) , dyD)
din = YD) dinL

whereL is an infrared cut-off and
Yox K —1 9)

= —yo(L)yg (L) 8
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Figure 5. Dimer configurations in the ground state of the DD chain model. Two spins in an ellipse
form a singlet dimer pair.

The flow diagram of this is shown in figure 6, from which we see that the SF—dimer transition
is of the Berezinskii—Kosterlitz—Thouless type, as is well known. Since our model is isotropic,
the renormalized value & should be equal to unity, as already stated. Then, when the system
is in the SF state, the starting point of the renormalization lies on the &H-Bdundary line
which flows into the origin wher& = 1, and moves along the route-A B — C, asJ,
increases. Finally the SF—dimer transition takes place when the starting point arrives at the
origin. In the SF statey, (L) = —yo(L) in equation (8), resulting in

Q)

Yo
Ly=——20 10
o) = e 4 1 10

wherey.” is the bare value ofy(L) andLy is the cut-off length. Then, there appear logarithmic
corrections in various physical quantities at every point in the SF region in our isotropic (i.e.,
SU (2)-symmetric) model. At the SF—dimer critical point (origin O), on the other hand, the

Figure 6. The renormalization flow of the effective Hamiltonian (3). The phase boundaries are
shown by thick lines. In our isotropic case, the starting point of the renormalization lies on the
SF-Neel boundary line. Ag increases, the starting point moves assAB —~ C — O. If the
system has th& X Z symmetry withA = J?/J+ < 1, the starting point of the renormalization
movesas A— B — C' — D'.
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logarithmic corrections vanish becaugg = y, = 0. This is very much peculiar to the
isotropic case. Since the SF—dimer transition occung at 0, one may think that the SF-
dimer critical point can be obtained from equations (6) or (7). However, as stated, expressions
(6) and (7) are valid only in the lowest orderaf Jyxy andJs, although the critical properties
are well expressed by the effective Hamiltonian. Then numerical calculation is needed for
determining the SF—dimer critical point even in the casé,of 1.

If the model has the&X X Z symmetry (no longer isotropic) with = J?/J+ < 1, the
starting point of the renormalization moves as-A B' — C' — D’ asJ, increases. When
the starting point arrives at’'Pthe SF—dimer transition occurs. Then, in & Z-symmetric
case, the logarithmic corrections exist only at the SF—dimer critical point, and do not exist in
the SF region.

3. Numerical result

To confirm the consideration in section 2 and to obtain the ground-state phase diagram
on the J,—J; plane, we performed the numerical diagonalization for finite systems for
N = 6,12, 18, 24 by use of the Lanczos algorithm under periodic boundary conditions. It
is very easy to distinguish whether the ground state is ferrimagnétie-(Ms/3) orM = 0
from the numerical data. However, it is difficult to detect the SF—dimer critical point from the
numerical data, because this transition is of the Berezinskii—Kosterlitz—Thouless type [9, 12]
with pathological critical behaviour. Okamoto and Nomura (ON) [12] developed a method by
use of which the SF—dimer critical point of tife= 1/2 NNN interaction model of figure 3
can be successfully determined from the numerical data for the energy gaps. Let us explain
this method, focusing on its physical meaning. In usual cases, the ground state is unique (not
twofold degenerate) in finite systems, except for the special cases such as the Ising model and
the Majumdar-Ghosh model [7, 8]. How is the twofold-degenerate ground state realized in
infinite systems? The energy gap of a low-lying excited state of finite systems rapidly decreases
as the system siz¥ increases, and is finally degenerate to the ground state-asco. Then
the linear combination of the ground state and the above-mentioned excited state results in the
twofold-degenerate ground state of the infinite systems. In our case, the ground state of finite
systems has the properfi; = 0 as long as it lies in the/ = 0 subspace (i.e., except for
the ferrimagnetic case). The twofold-degenerate dimer state of infinite systems also has the
propertySi: = 0. Then the above-mentioned excited state should also$iave 0, because
of the law of the addition of the angular momentum. Then we can conclude that the lowest
excitation in finite systems ha&g; = 0 inthe dimer region. In the SF region, on the other hand,
the lowest excitation should be of the spin-wave type Wjth= +1 (the one-magnon state).
In the present case, the excitation with the same energy exists 8jthe O subspace due
to the isotropic nature. This means that the system has threefold-degenerate lowest excitation
with Siot = 1, when it lies in the SF region.

From the above physical consideration, we can write down the following criteria:

AEs(N) < AEg(N) < dimer state

11
AEs(N) > AEg(N) < spin-fluid state (11)

whereA Es(N) andA Eg(N) are the singlet—singlet energy gap and singlet—triplet energy gap
for a finite-size system withv spins, defined by

AEs(N) = E1(N, S™ = 0) — Eq(N) (12)
AEsy(N) = Eo(N, " = 1) — Eq(N) (13)
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respectively. Her&q(N, S©Y) and E1(N, S™Y) are the lowest and second-lowest energies
in the subspace witli®™ = 0, respectively, andy = Eo(S™" = 0). These criteria can be
obtained also by use of the effective-Hamiltonian representation, the renormalization group
method and the conformal field theory [12, 14, 15].

Figure 7 shows the crossing betwegr = 0 andS;t = 1 excitations wher/; = 0.8
andN = 18. By use of the interpolation, we see that the crossing poifﬁcps(N =18 =
0.375263. We can obtain the SF—dimer critical point of the infinite system by extrapolating
T (N) to N — oo. The finite-size dependence £f" (N) has the form

JE(N) = I (00) + (constantN?) (14)

due to the existence of the irrelevant fields, as was discussed in [12, 14,15]. Figure 8 shows the
extrapolation of/y™” (N) to N — oo in the case ofi, = 0.8, resulting inJ§" = 0.352+0.001.
By sweeping parameters, we finally obtain the phase diagram osythg plane. The

resultis showninfigure 9. We note thatthe paint, J3) is equivalentto the poirttiz/ Js, 1/J)
on interchanging the role of, andJ3, as already stated in section 1.

= 7%
z 7000 ® AE((N) |
|
< 6....00 O AE(N)
z | Teege |
Q8...
5F Shad I 1
. J,=0.8 OOO 00..5
4+ N=18 o5 1
~ 0}
- 3 = 0.375263 o)
3 1 1 1 1 1 1 1 1
0.3 0.4 j‘ 0.5
3

Figure 7. Level crossing betweeA Esg(N) and A Esg(N) whenJ, = 0.8 andN = 18. From the
crossing point, we obtaif,™” (N = 18) = 0.375 263.

0.38
5 | i
1= b :
0.37} ]
0-367 i,=08 ]
L/ 3% =0.352 +0.001 |
0.35 ——
0 , 0.01
1/N

Figure 8. The extrapolation ofiy™ to N — oo in the J, = 0.8 case. From this, we see that
J5 = 0.352+ 0.001.
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Figure 9. The phase diagram of the DD chain model. The estimated errors in the critical values
are less than 0.001. Thie = 1 case is reduced to the model of Takatal (see section 4).

4. Discussion

In section 2, we have stated that the ground-state quantum phase transition of the DD chain
model (the present model) has the same universality class as that of the NNN model (figure 3).
We have confirmed this analytically by use of the effective-Hamiltonian representation. Here
we also confirm this by a numerical method.

Let us consider the model of figure 10 which interpolates between the DD chain model
with J, = 1 (figure 2) and the NNN interaction model (figure 3). WheyiJ; = 0 the
interpolation model is reduced to the DD chain model with= 1, and when/y/Jz = 1to
the NNN interaction model. Figure 11 shows the level crossings bettwgéN) and Ags(N)
for the J4/J3 = 0 andJ,/J3 = 1 cases. The behaviour of the level crossing is essentially
the same when the paramethy J; runs fromJy/J3 = 0 to J4/J3 = 1, as can be seen from
figure 11. Furthermore, any other excitations cross them betvigelh = 0 to J4/J3 = 1.

Figure 12 shows the SF—dimer critical poif§t of the interpolation model, in which the critical

point smoothly changes. Thus we can safely conclude that the ground-state quantum phase
transition of the DD chain model (the present model) has the same universality class as that of
the NNN interaction model (figure 3). The DD chain model with= 1 is obtained from the

NNN interaction model by removing one NNN interaction in every three NNN interactions,

as already stated. Instead of removal, a similar (but not exact) effect may be realized by
decreasing the strength of the NNN interaction 18 &f the original strength. If this is the

case, the SF—dimer critical point of the DD chain model with= 1 is 3/2 of that of the NNN

Figure 10. The model interpolating between the DD chain model with= 1 and the NNN
interaction model. Solid lines denaofe, dotted lines/s and dot—dashed linek.
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Figure 11. Level crossing of the interpolation model whéyy J3 = 0 andJs/Jz = 1 for N = 18.
Closed circles and squares represegt{ N ), and open circles and squags(N).
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Figure 12. The SF-dimer critical points of the model interpolating between the DD chain model
with J> = 1 and the NNN interaction model.

interaction model, which results ™ = (3/2) x 0.2411~ 0.36. This semiqualitatively
explains our numerical resuig“’” = 0.3544 0.001 whenJ, = 1. This fact also appears in
equations (6) and (7).

Takano, Kubo and Sakamoto (TKS) [6] investigated #he= J; case of the present
DD chain model (see figure 13(a)). They concluded that the ground state of their model is
composed of three phases. The ferrimagnetic phise-(Ms/3) appears whet, < 0.909.
In the tetramer—dimer (TD) phase, which appears wh@d®< J, < 2, the state is exactly the
regular array of tetramers and dimers as shown in figure 13(b). Figure 13(c) shows the dimer—
monomer (DM) state, appearing whén> 2, which is composed of the regular array of singlet
dimers and free spins. Because of the free spins, the DM state is macroscopically degenerate.
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@

Figure 13. (a) The model of Takano, Kubo and Sakamoto. (b) The tetramer—dimer (TD) state.
The rectangles represent tetramers and the ellipses singlet dimers. (c) The dimer—monomer (DM)
state.

Let us discuss the relation between our model and TKS’s model. In the DM state of
TKS’s model, the monomers are completely free but this is very much peculiar to this model.
In our model, since the symmetry of a diamond is broken becaugel, the monomer is no
longer free and has an effective interaction between neighbouring monomers through the dimer
between them. Therefore the DM state of TKS’s model is smoothly connected to the spin-fluid
state of our model, as can be seen in figure 9. The tetramer in the TD state is also special to
TKS’s model. When the symmetry of the diamond is broken, the tetramer is decomposed into
two dimers existing on stronger bonds, as is shown in figure 5. Then the TD state of TKS’s
model is a special case of the dimer state of our DD chain model. Thus the physical pictures
of our model and TKS’s model are consistent with each other.

We can confirm the reliability of our numerical results by checking the properties of
excitations. At the SF—dimer critical point, the cosine term of the effective Hamiltonian
(3) vanishes and the relatiohEs(N) = AEg(N) holds, as discussed by Okamoto and
Nomura[12,14,15]. Then the system is purely Gaussian and has low-lying excitation energies
proportionalto ZN in finite systems. The lowest order correction fvlmay be of ¥ N3 form.

This correction comes from the band curvature and the wavenumber dependence of the coupling
constant of the interaction between Jordan—Wigner fermions, which was neglected in the course
of deriving the effective Hamiltonian. Figure 14 shows th&/% dependence o AE(N) at

J> = 1.2 andJ; = 0.39, which is the SF—dimer critical point whereEsy(co) = A Eg(c0).

As can be seen from figure 14, the size dependence of the lowest excitation is well expressed
as

N AE(N)=a+ (b/N?) (15)

which is consistent with the above-mentioned discussion. The quantityrelated to the
spin-wave velocity as

a = 2mvex (16)
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where x is the scaling dimension of this excitation, which is equal @ at the critical
point [12,14,15]. Since = 3.851+ 0.001 in the case of figure 14, we obtain

vs = 1.226-£ 0.001 17)
3.90

o ),=12 ]
Zz T _
< J;=0.39 ]
g
Z | - -
3.850 : : 0.01

1/N2 .

Figure 14. The system-size dependence of the scaled excitatioigap at the SF—dimer critical
point.

The system-size dependence of the ground-state energy also provides us with useful

information. Under periodic boundary conditions, it is written as [16, 17]
Eq(N) T UsC
gN = Gg(OO) - W +.o. (18)

whereEy(N) is the ground-state energy of tiespin systemssg(co) the ground-state energy
of the infinite system per spimg the spin-wave velocity andthe conformal charge which is
equal to unity in our universality class. Figure 15 shows the system-size dependence of the
ground-state energy in the caseof= 1.2 andJ; = 0.39. From the slope of the line, we
obtain

vs = 1.23+ 0.01 (19)
-0.425
= L B
b J,=039 |
-0.430+ :
—0.435O ‘ : 0.01
1/N2 .

Figure 15. The system-size dependence of the ground-state edg(@y) on the SF—dimer critical
point.
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which agrees well with equation (17). The fact that the values, given by equations (17)
and (19) agree within the numerical error justifies our numerical analysis.
The spin-wave velocitys can also be obtained from the lowest excitation haipo= 0

andk = 2z /N from

ve= fim NAE(N, S5 =0,k = 27T/N)-

N—oo 2

We note that this formula is free from logarithmic corrections even in the SF region [15].
Figure 16 shows this extrapolation procedure, which leads 6 1.228+ 0.001. This is also
consistent with equation (17) and equation (19).

(20)

Figure 16. The extrapolation procedure for equation (20). From the intersection, we obtain
vs = 1.228+ 0.001.

Let us discuss the logarithmic corrections in the SF region. As stated in section 2, there
appear logarithmic corrections in various physical quantities when the system is in the SF
region. This is very much peculiar to our isotropic case. In the following we check this point
numerically. The singlet-singlet gap and the singlet—triplet gap are expressed as

2 2
AE(N) = =22 AEy(N) = =22 (21)
respectively, wheregs andxg; are the scaling dimensions:
1 3 1 1
= — + — = — —_ =
Xss > <1 2y0(N)> Xst 2 (1 ZYO(N)> (22)

with yo(N) given in equation (10). Itis difficult to directly detect the logarithmic dependence
in equations (21) and (22) from the numerical dataAdtss(N) and AEg(N). Because the
logarithmic corrections are very slowly varying with respect to the systemsjzis effects

are actually observed as the change in the spin-wave veladitgtweenA Essand A Eg.. As

an example, let us take the = 1.2 and.J; = 0.35 point which lies in the SF region. In fact,
as shown in figure 17, the spin-wave velocities are estimated tg be1.362+ 0.001 and

vs = 1.248+ 0.001 from A Ess and A Eg, respectively. Okamoto and Nomura [12, 14, 15]
used the ‘averaged excitation’

AEave(N) = % {AESS(N) + 3AEst(N)} (23)

in which the lowest-order logarithmic corrections vanish, as can be seen from equation (22).
From figure 17 we obtaimng = 1.277+ 0.001 by use ofAE,e When we calculate the
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44 T T T T T T T T T

NAE(N)
>
m

so—m—m— &

3.8 I I I I

Figure 17. The behaviour of\ Ess, A Es; and A Eqye at the point(J2, J3) = (1.2, 0.35) in the SF
region. From the intersection of th®E,e line, we obtainus = 1.277+ 0.001. The apparent
spin-wave velocities ares = 1.362+ 0.001 derived fromA Essandvs = 1.248+ 0.001 derived
from AEq.

spin-wave velocity through the formula (20), we obtain= 1.277 + 0.001, which shows
very good agreement with that derived using,... We note that there is no logarithmic
correction in formula (20), as already stated. Thus our numerical analysis is consistent with
our consideration in section 2 with respect to the logarithmic correction, although we could
not directly observe its existence. It may need systems with several thousand (or more) spins
to directly observe the contribution of the logarithmic corrections.

In summary, we have explained that the frustration leads to the non-magnetic ground state
in our DD chain model by use of an analytical method, physical consideration and a numerical
method. We have also obtained the phase diagram asythi plane numerically.
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